We construct a two-parametric family of exactly solvable Dirac Hamiltonians by the Darboux transformation method. We obtain intertwining relations between different members of the Hamiltonian family. We investigate the spectral properties of the obtained Hamiltonians and the explicit forms of their eigenfunctions.
Introduction
The Darboux transformation method [1, 2, 3, 4, 5, 6, 7] is one of the basic methods of construction exactly solvable models of mathematical physics [8, 9, 10, 12, 11, 13, 14, 15, 16, 17] .
The idea of the method has been proposed by G. Darboux in 1882 [1] . The method has been developed by M. Crum in 1954 [3] .
Modern concept of the Darboux transformation method has been constructed by V. B. Matveev. In 1979 V. B. Matveev generalized and reformulated the Darboux-Crum results for the cases of infinite hierarchies linear and nonlinear differential equations in partial derivatives and some their generalizations (for example, differential-difference and matrix equations), including nonstationary nonlinear Schrödinger, Korteweg-de Vries, Kadomtsev-Petviashvili equations and others [4, 5] . Numerous realizations of the Darboux transformation method [4, 5] have been summarized in monograph [7] .
It should be noted, that the results of works [4, 6, 7] contain the cases of stationary and nonstationary two-component Dirac equation. In explicit form the systematic development of the Darboux-Crum transformation method for the one-dimensional two-component Dirac equation is present in [18] .
From [7] it is evidently that the Darboux transformations can be applied to the stationary four-component Dirac equation.
In this paper we use the Darboux transformation method for the four-component Dirac equation.
The structure of the present paper is as follows. In Section 2 we generate four one-soliton Dirac Hamiltonians applying the Darboux transformation method for free Dirac Hamiltonians and consider the intertwining relations between the obtained Hamiltonians. In Section 3 we construct two-parameter family of exactly solvable multisoliton solutions. In Section 4 we consider spectrum of the obtained Hamiltonians and the explicit forms of their eigenfunctions.
One-soliton Hamiltonians
Let us consider the one-dimensional four-component stationary Dirac equation
where
four-component spinor. Let 4 × 4 matrix u(x) is the solution of the matrix Dirac equation
where Λ is any nonsingular matrix. Define the Darboux transformation operator
and consider the intertwining relation
then
The transformed spinor functionsψ = Lψ (6) are solutions of the transformed Dirac equation
The Darboux transformations of the four-component Dirac equation is similar to the Darboux transformations of the two-component Dirac equation [18] . Consider the free Dirac Hamiltonian H 0 , V 0 = mβ, where m is a mass of particle,
. Four different sets of parameters λ 1 , λ 2 correspond to four different matrices Λ (i) (i = 1, 4):
and four corresponding transformation matrix functions u (i) are solutions of the matrix Dirac equation
All these solutions have the common matrix structure
It can be shown the inverse matrices have the following general form:
Explicit values of magnitudes µ
Constructing the Darboux transformation operators with the help of the obtained above matrices
and the intertwining relations
we generate four new Hamiltonians
The Hamiltonians H
Spectra of the Hamiltonians H
1 , H
1 , H 
Here
3 Multi-soliton shape-invariant Hamiltonians
Consider the following Hamiltonians H (i)
coinciding with the obtained Hamiltonians H
1 at n = 1. It is evidently that
It is easily to calculate that the intertwining relations L
The obvious expressions for quantities µ 
The values of quantities λ
n,j (j = 1, 2) are in Appendix. Intertwining relations (43) are presented in the diagram form
n+1 . . .
Hence with the help of the Darboux transformation technique (the Darboux-Crum chains [3])
we construct two-parameter family of the Dirac Hamiltonians H 
we have
From (52) and (38), (39) it is easily to obtain that the components of spinors
T at i = 1, 2 are the solutions of second-order equations (ψ
(ψ
which with the help of substitution t = tanh kx are reduced to the equations for associated Legendre polynomials.
The energy spectrum at |E| ≥ m is continuous and the energy spectrum at |E| < m is discrete. The energy levels are
where s = −n + 1, −n + 2, . . . , −1, 1, . . . , n − 1, n, i = 1, −n, −n + 1, . . . , −1, 1, . . . , n − 2, n − 1, i = 2.
The solutions of equations
s2 , ψ
s3 , ψ
s .
Here P s n−1 (t) and P s n (t) are associated Legendre polynomials [22] . Continuous spectrum is doubly degenerate, i. e. for each value E (|E| ≥ m) equations (52) have two linear-independent solutions, that can be obtained from the wave functions of discrete spectrum by substitution
From the last expression it is evident that the obtained potentials are transparent.
Conclusion
In the paper we constructed the special Darboux transformation chains. These chains generate the set of the shape invariant exactly solvable four-component Dirac Hamiltonians. The Hamiltonians may be applied for investigation of spin 1/2 relativistic particle moving in onedimensional periodic structures [23, 24, 25] . The results corresponding investigations will be published.
In conclusion the author is grateful to Professors A. Tarasov for fruitful discussions, V.G. 
(ii) and also for quantities µ 
(iii) and µ (i,k) n,j (i, k = 3, 4) : 
